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Let L =  − ∇ϕ · ∇ be a symmetric diffusion operator with an invariant measure dμ =
e−ϕ dx on a complete Riemannian manifold. In this paper we give an upper bound estimate
on the ﬁrst eigenvalue of the diffusion operator L on the complete manifold with the m-
dimensional Bakry–Émery Ricci curvature satisfying Ricm,n(L)  −(n − 1), and therefore
generalize a Cheng’s result on the Laplacian (S.-Y. Cheng (1975) [8]) to the case of the
diffusion operator.
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1. Introduction
Let (Mn, g) be an n-dimensional Riemannian manifold and ϕ be a C2 function. We deﬁne a symmetric diffusion operator
L :=  − ∇ϕ · ∇ , which is the inﬁnitesimal generator of the Dirichlet form
E( f ,h) =
∫
Mn
(∇ f ,∇h)dμ, ∀ f ,h ∈ C∞0
(
Mn
)
,
where μ is an invariant measure of L given by dμ = e−ϕ dx. It is easy to see that L is self-adjoint with respect to the
weighted measure dμ and (Mn, g,dμ) is a smooth metric-measure space. To study the diffusion processes, Bakry and
Émery [2] introduced the ∞-dimensional Bakry–Émery Ricci curvature by
Ric(L) := Ric+ Hess(ϕ), (1.1)
where Ric and Hess denote the Ricci curvature and the Hessian of the metric g , respectively. They also deﬁned the m-
dimensional Bakry–Émery Ricci curvature of the diffusion operator L as follows:
Ricm,n(L) := Ric(L) − ∇ϕ ⊗ ∇ϕ
m − n , (1.2)
where m := dimBE (L)  n is called the Bakry–Émery dimension of L, which is a constant and is not necessarily to be an
integer. Note that the number m is not in general equal to the manifold dimension n, unless the operator L is the Laplacian.
If m = ∞, then Ricm,n(L) = Ric(L).
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Γ2(u,u)
1
m
(Lu)2 + K |∇u|2, ∀u ∈ C∞(M), (1.3)
where Γ2(u,u) := 12 L|∇u|2 − 〈∇Lu,∇u〉. It is known from [2] (see also [13]) that CD(Km,n,m) holds if and only if
Ricm,n(L) Km,n . The ﬁrst nontrivial eigenvalue of L under the measure dμ is deﬁned by
λ1(t) := inf
f 	=0
{
E( f , f ):
∫
Mn
f 2 dμ = 1,
∫
Mn
f dμ = 0
}
.
Note that the above inﬁmum can be achieved by some smooth eigenfunction f , which satisﬁes the following Euler–Lagrange
equation
L f = −λ1 f .
When ϕ is a constant function, the above Bakry–Émery Ricci curvature is the Ricci curvature and the curvature-
dimension condition CD(K ,m) is the classical Bochner–Weitzenböck formula for m = n. Meanwhile λ1 becomes the ﬁrst
nontrivial eigenvalue of the Laplacian.
Since the Bakry–Émery Ricci curvature generalizes the Ricci curvature, it is natural to ask whether classical results involv-
ing the Ricci curvature in Riemannian geometry remain valid in the Bakry–Émery Ricci curvature case. Along this direction,
Bakry and his collaborators [3–6] established, by using the Bakry–Émery Ricci curvature, Lévy–Gromov isoperimetric in-
equalities, Li–Yau Harnack inequalities, lower bounds on the ﬁrst eigenvalues for diffusion operators and the generalized
volume comparison theorem, etc.
Later, many more geometric and topological results via the Bakry–Émery Ricci curvature were appeared in [10,13,19,
14,16], such as the generalized Cheeger–Gromoll splitting theorem, the generalized Liouville theorem, the generalized mean
curvature comparison theorem, the generalized Myers’ theorem, the generalized Abresch–Gromoll excess estimate and lo-
calized Harnack inequalities, etc. On the other hand, Sturm [17,18] extended the Bakry–Émery Ricci curvature to a more
general curvature tensor in non-smooth metric-measure spaces.
Recently, the Bakry–Émery curvature has become an important object of study in Riemannian geometry, in large part
due to its appearance in the study of Ricci ﬂow and Ricci solitons. In particular, Perelman [15] used the Bakry–Émery Ricci
curvature to prove that Ricci ﬂow is a gradient-like ﬂow.
As we all known, for an n-dimensional closed Riemannian manifold (Mn, g) with the non-negative Ricci curvature,
Li and Yau [12] and Zhong and Yang [20] provided a lower bound of the ﬁrst nontrivial eigenvalue of the Laplacian
λ1 
π2
d2
.
For an n-dimensional complete Riemannian manifold with the Ricci curvature satisfying Ric(g)  −(n − 1), Cheng (see
Theorem 4.2 in [8]) obtained an upper estimate on the ﬁrst nontrivial eigenvalue
λ1 
(n − 1)2
4
. (1.4)
Motivated by the generalized results above, it is natural to ask if there is a generalization of the above two results to the
diffusion operator L with the Bakry–Émery Ricci curvature bounded below. The lower bound estimates have been pointed
by Bakry and Qian [5]. However so far there is no study of an upper bound estimate. In this paper, we give an upper bound
estimate on the ﬁrst eigenvalue of the diffusion operator with the m-dimensional Bakry–Émery Ricci curvature bounded
below.
Theorem 1.1. Let (Mn, g) be an n-dimensional (n  2) complete Riemannian manifold and ϕ ∈ C2(Mn) be a function. Assume that
the corresponding m-dimensional Bakry–Émery Ricci curvature satisﬁes
Ricm,n(L)−(n − 1).
Then we have an upper bound estimate on the ﬁrst nontrivial eigenvalue for the diffusion operator L
λ1 
(m − 1)(n − 1)
4
. (1.5)
Remark 1.2. (1) When ϕ is a constant function, i.e., L = , we can take m = n and our theorem reduces to the Cheng’s
theorem (see Theorem 4.2 in [8]). The proof of Theorem 1.1 is based on the classical Li–Yau’s gradient estimates and some
basic knowledge of the Bakry–Émery Ricci curvature.
(2) If m = ∞, then Ricm,n(L) = Ric(L) and (m−1)(n−1)4 = ∞. Hence one does not expect a useful upper bound estimate on
the ﬁrst eigenvalue of the diffusion operator L with Ric(L)−(n − 1) from Theorem 1.1.
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The proof of this gradient estimate makes use of the Li–Yau’s arguments [12]. Then Theorem 1.1 is a direct consequence of
Theorem 2.1. In Section 3, we use Theorem 2.1 to give some another interesting applications.
2. Basic gradient estimate
In this section, we will prove an important gradient estimate, which also implies the proof of Theorem 1.1.
Theorem 2.1. Let (Mn, g) be an n-dimensional (n  2) complete Riemannian manifold with the m-dimensional Bakry–Émery Ricci
curvature satisfying
Ricm,n(L)−(n − 1)K
for some constant K  0. Assume that f be a positive function deﬁned on the geodesic ball B p(2R) ⊂ Mn satisfying
L f = −λ f
for some constant λ 0. Then there exists a constant C depending on m such that
|∇ f (x)|2
f 2(x)
 [2(m − 1)(n − 1) + ]K
2−  + C ·
(
1+ −1
R2
+ λ
)
(2.1)
for all x ∈ Bp(R) and for any 0 <  < 2.
Furthermore, if the positive function f is deﬁned on (Mn, g), then
|∇ f (x)|2
f 2(x)
 (m − 1)(n − 1)K
2
− λ +
√
(m − 1)2(n − 1)2K 2
4
− (m − 1)(n − 1)Kλ (2.2)
and
λ (m − 1)(n − 1)K
4
. (2.3)
Remark 2.2. In [13] (see Theorem 2.6), under the same assumption of our theorem, X.-D. Li established the following
gradient estimate
|∇ f | C(m, K , λ) f ,
where C(m, K , λ) is a constant, depending only on m, K and λ. Obviously, our result not only depends on m, K and λ, but
also depends on n. In fact it is easy to check that our estimate is a little better than his result.
Proof of Theorem 2.1. Step 1. We ﬁrst want to prove the following useful inequality (2.11), which is sharper than the
Bochner–Weitzenböck formula (1.3). For this step, we mainly follow the Peter Li’s note [11], combining some facts about the
m-dimensional Bakry–Émery Ricci curvature. For the convenient to the reader, we still give the details of the proof here. Let
us deﬁne h := log f . By a straightforward computation, the smooth function h satisﬁes
Lh = −|∇h|2 − λ. (2.4)
A direct computation shows that
L|∇h|2 = |∇h|2 − 〈∇ϕ,∇|∇h|2〉
= 2h2i j + 2Rijhih j + 2〈∇h,∇h〉 − 2hijϕih j
= 2h2i j + 2
(
Rij + ∇2ϕ
)
hih j + 2〈∇h,∇Lh〉
= 2h2i j + 2
(
Rij + ∇2ϕ
)
hih j − 2
〈∇h,∇|∇h|2〉, (2.5)
where we used the classical Bochner formula for the second line of above equality.
Choosing an orthonormal frame {e1, e2, . . . , en} at a point such that |∇h|e1 = ∇h, we may write
∣∣∇|∇h|2∣∣2 = 4 n∑
(
n∑
hihi j
)2
= 4h21 ·
n∑
h21i = 4|∇h|2 ·
n∑
h21i. (2.6)j=1 i=1 i=1 i=1
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h2i j  h211 + 2
n∑
α=2
h21α +
n∑
α=2
h2αα
 h211 + 2
n∑
α=2
h21α +
1
n − 1
(
n∑
α=2
hαα
)2
= h211 + 2
n∑
α=2
h21α +
1
n − 1 (h − h11)
2
= h211 + 2
n∑
α=2
h21α +
1
n − 1
(|∇h|2 + λ + h11 − ϕihi)2
 h211 + 2
n∑
α=2
h21α +
1
n − 1
[
(|∇h|2 + λ + h11)2
1+ m−nn−1
− (ϕihi)
2
m−n
n−1
]
 m
m − 1
n∑
i=1
h21i +
(|∇h|2 + λ)2
m − 1 +
2h11(|∇h|2 + λ)
m − 1 −
(ϕihi)2
m − n , (2.7)
where we used the inequality: (a + b)2  a21+δ − b
2
δ
for any δ > 0.
Note that
2h11 = 〈∇|∇h|
2,∇h〉
|∇h|2 . (2.8)
Substituting this into (2.7) it follows that
h2i j 
m
m − 1
n∑
i=1
h21i +
(|∇h|2 + λ)2
m − 1 +
(|∇h|2 + λ)
m − 1 ·
〈∇|∇h|2,∇h〉
|∇h|2 −
(ϕihi)2
m − n . (2.9)
Plugging (2.9) and (2.6) into (2.5), and using the assumption Ricm,n(L)−(n − 1)K , we have
L|∇h|2  2m
m − 1
n∑
i=1
h21i +
2(|∇h|2 + λ)2
m − 1 +
2(|∇h|2 + λ)
m − 1 ·
〈∇|∇h|2,∇h〉
|∇h|2
+ 2
(
Rij + ∇i∇ jϕ − ∇iϕ ⊗ ∇ jϕ
m − n
)
hih j − 2
〈∇h,∇|∇h|2〉
= m
2(m − 1)
|∇|∇h|2|2
|∇h|2 +
2(|∇h|2 + λ)2
m − 1 + 2Ricm,n(L)(∇h,∇h)
+
[
2λ
(m − 1)|∇h|2 −
2m − 4
m − 1
]
· 〈∇|∇h|2,∇h〉
 m
2(m − 1)
|∇|∇h|2|2
|∇h|2 +
2
m − 1
(|∇h|2 + λ)2 − 2(n − 1)K |∇h|2
+
[
2λ
(m − 1)|∇h|2 −
2m − 4
m − 1
]
· 〈∇|∇h|2,∇h〉. (2.10)
In conclusion, the function h := log f satisﬁes the inequality
L|∇h|2  m
2(m − 1)
|∇|∇h|2|2
|∇h|2 +
2
m − 1
(|∇h|2 + λ)2 − 2(n − 1)K |∇h|2
+
[
2λ
(m − 1)|∇h|2 −
2m − 4
m − 1
]
· 〈∇|∇h|2,∇h〉 (2.11)
for all x ∈ Bp(R).
Step 2. We shall apply the classical maximum principle on the inequality (2.11) to obtain the desired gradient estimates
(2.1) and (2.2).
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Let η be a non-negative cut-off function on [0,∞) such that
η(r) =
{
1 on [0,1],
0 on [2,∞)
and 0 η 1 on the interval (1,2) with −Cη1/2(r) η′  0 and η′′(r)−C , where 0 < C < ∞ is a universal constant. Fix
a point p ∈ Mn . Denote by d(p, x) the distance between x and p in Mn . Let R > 0 and ρ(x) := d(p, x). Deﬁne
φ(x) := η
(
ρ(x)
R
)
.
Using an argument of Calabi [7] (see also [9] or [12]), we can assume without loss of generality that φ(x) ∈ C2(Mn) with
support in Bp(2R).
Since Ricm,n(L)−(n − 1)K , by the generalized Laplacian comparison theorem (see [2] or [13]),
Lρ  (m − 1)√K coth(√Kρ).
Note that
Lφ = η
′Lρ
R
+ η
′′|∇ρ|2
R2
.
By the deﬁnition of η, the function η satisﬁes
Lφ −C1
(√
K R−1 + R−2), (2.12)
where C1 is a constant, depending only on m and C , and
|∇φ|2
φ
 C2
R2
, (2.13)
where C2 is also a constant, depending only on C .
(ii) Let G := φ · |∇h|2. To obtain the desired estimates, we apply the diffusion operator L to the function G , and then use
the maximum principle argument. Now using inequality (2.11), we obtain
LG = (Lφ) · |∇h|2 + 2〈∇φ,∇|∇h|2〉+ φ · L|∇h|2
 Lφ
φ
· G + 2 〈∇φ,∇G〉
φ
− 2 |∇φ|
2
φ2
G + m
2(m − 1) · φ ·
|∇|∇h|2|2
|∇h|2 − 2(n − 1)KG −
2m − 4
m − 1 · 〈∇h,∇G〉
+ 2m − 4
m − 1 ·
〈∇h,∇φ〉
φ
G + 2λ · 〈∇h,∇G〉
(m − 1)|∇h|2 −
2λ · 〈∇h,∇φ〉
m − 1 +
2
m − 1
(
φ−1G2 + 2λG + φλ2). (2.14)
In the following, we will estimate the right hand side (or RHS for short) of (2.14). On one hand, noticing that
|∇G|2 = ∣∣∇(φ · |∇h|2)∣∣2
= |∇φ|2 · |∇h|4 + 2φ|∇h|2 · 〈∇φ,∇|∇h|2〉+ φ2∣∣∇|∇h|2∣∣2
= −|∇φ|
2
φ2
· G2 + 2 〈∇φ,∇G〉
φ
· G + φ2∣∣∇|∇h|2∣∣2,
this implies
φ · |∇|∇h|
2|2
|∇h|2 =
|∇G|2
G
+ |∇φ|
2
φ2
· G − 2 〈∇φ,∇G〉
φ
. (2.15)
On the other hand, we can easily have
2
〈∇h,∇φ〉
φ
G −2|∇φ|φ− 32 G 32 (2.16)
and
−2〈∇h,∇φ〉−2|∇φ|φ− 12 G 12 . (2.17)
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LG  Lφ
φ
· G + m − 2
m − 1 ·
〈∇φ,∇G〉
φ
− 3m − 4
2(m − 1) ·
|∇φ|2
φ2
G
+ m
2(m − 1) ·
|∇G|2
G
+
[
4λ
m − 1 − 2(n − 1)K
]
G
− 2m − 4
m − 1 · 〈∇h,∇G〉 −
2m − 4
m − 1 · |∇φ|φ
− 32 G
3
2 + 2λ · 〈∇h,∇G〉
(m − 1)|∇h|2
− 2λ
m − 1 · |∇φ|φ
− 12 G
1
2 + 2φ
−1G2
m − 1 +
2λ2φ
m − 1 . (2.18)
Suppose that the maximum of G is reached at x0 ∈ Bp(2R) ⊂ Mn . By the maximum principle,
LG(x0) 0, ∇G(x0) = 0. (2.19)
Multiplying both sides of (2.18) by (m − 1)φ and using (2.19), then at x0, (2.18) becomes
0 LG  (m − 1)Lφ · G − 3m − 4
2
· |∇φ|
2
φ
G + [4λ − 2(m − 1)(n − 1)K ]φG − (2m − 4) · |∇φ|φ− 12 G 32
− 2λ · |∇φ|φ 12 G 12 + 2G2 + 2λ2φ2. (2.20)
Substituting (2.12) and (2.13) into the RHS of (2.20) at x0, we get
0−(C3R−1√K + C4R−2)G + [4λφ − 2(m − 1)(n − 1)φK ]G − C5R−1G 32 − C6λR−1G 12 + 2G2 + 2λ2φ2, (2.21)
where C3, C4 and C5 are the ﬁxed constants, depending on m and C ; C6 is also a constant, depending only on C .
Since x0 is the maximum point of the function G and φ = 1 on Bp(R), hence
φ(x0)|∇h|2(x0) sup
Bp(R)
|∇h|2(x).
On the other hand, using the fact that
φ(x0)|∇h|2(x0) φ(x0) sup
Bp(2R)
|∇h|2(x),
we conclude that
σ(R) φ(x0) 1, (2.22)
where σ(R) is deﬁned by
σ(R) := supBp(R) |∇h|
2(x)
supBp(2R) |∇h|2(x)
.
Applying this estimate (2.22) to (2.21) yields at x0
0−[C3R−1√K + C4R−2 − 4λσ (R) + 2(m − 1)(n − 1)K ]G − C5R−1G 32 − C6λR−1G 12 + 2G2
+ 2λ2σ 2(R). (2.23)
Below we want to estimate some terms of the RHS of (2.23) and have
−C5R−1G 32 −G2 − C
2
5
4
−1R−2G,
−C6λR−1G 12 −λ2 − C
2
6
4
−1R−2G
and
−C3R−1
√
K −K − C
2
3
4
−1R−2
for all  > 0, where we used the Schwarz inequality for the above three inequalities.
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0−[C7(1+ −1)R−2 − 4λσ (R) + (2(m − 1)(n − 1) + )K ]G + (2− )G2 + 2λ2σ 2(R) − λ2, (2.24)
where C7 is a constant, depending only on m and C .
Now we have a quadratic inequality in G , which we use to bound G . Note that if there is a number x ∈ R satisfying an
inequality of the form
ax2 + bx+ c  0,
where a > 0, then we have b2 − 4ac  0 and the upper bound
x −b +
√
b2 − 4ac
2a
.
Hence if  < 2, then by (2.24) we get
A2 − 4(2− )λ2(2σ 2(R) − ) 0, (2.25)
and the upper bound
G(x0)
A +√A2 − 4(2− )λ2(2σ 2(R) − )
2(2− ) , (2.26)
where A := C7(1+ −1)R−2 − 4λσ (R) + [2(m − 1)(n − 1) + ]K .
We will see that (2.25) and (2.26) imply estimates (2.1), (2.2) and (2.3). In fact for any x ∈ Bp(R),
|∇h|2(x) = φ(x)|∇h|2(x) G(x0). (2.27)
Combing (2.26) with (2.27) and noticing that 0 σ(R) 1, we conclude that
|∇ f |2
f 2
(x) 2A +
√
4(2− )λ2(2σ 2(R) − )
2(2− )
 [4(m − 1)(n − 1) + 2]K
2(2− ) + C˜
[(
1+ −1)R−2 + λ] (2.28)
for all x ∈ Bp(R) and for any 0 <   2σ 2(R) < 2, where C˜ is a constant, depending only on m and C . Hence the proof of
the estimate (2.1) is ﬁnished.
In the following we assume that f is deﬁned on Mn . For any 0 <  < 2, if we take R → ∞ in (2.26), then σ(R) → 1 and
(2.26) becomes
|∇h|2(x) [−4λ + (2(m − 1)(n − 1) + )K ]
2(2− ) +
√[−4λ + (2(m − 1)(n − 1) + )K ]2 − 4(2− )2λ2
2(2− ) . (2.29)
Letting  → 0+, the desired gradient estimate (2.2) is obtained.
On the other hand, since f is deﬁned on Mn , σ(R) → 1 in (2.25) as R → ∞ and then taking  → 0, the inequality (2.25)
becomes
(m − 1)2(n − 1)2K 2
4
− (m − 1)(n − 1)Kλ 0. (2.30)
Thus
λ (m − 1)(n − 1)K
4
.
This ﬁnishes the proof of Theorem 2.1. 
By observing the proof of Theorem 2.1, we can ﬁnish the proof of Theorem 1.1 immediately.
Proof of Theorem 1.1. Let (Mn, g) be an n-dimensional (n  2) complete Riemannian manifold with the m-dimensional
Bakry–Émery Ricci curvature satisfying
Ricm,n(L)−(n − 1).
Let λ1 be the ﬁrst nontrivial eigenvalue of the diffusion operator L. Hence λ1 satisﬁes the equation
L f = −λ1 f ,
where f is the corresponding eigenfunction.
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λ1 
(m − 1)(n − 1)
4
. 
3. Some applications of Theorem 2.1
In this section, we go on applying Theorem 2.1 to give some interesting applications, which generalize some essential
properties for harmonic functions. We also obtain a Liouville theorem on non-compact complete manifolds with the non-
negative m-dimensional Bakry–Émery Ricci curvature, generalizing Yau’s celebrated Liouville theorem for positive harmonic
functions: any positive harmonic function on a non-compact manifold with non-negative Ricci curvature is a constant.
Corollary 3.1. Let (Mn, g) be an n-dimensional (n  2) complete Riemannian manifold with the m-dimensional Bakry–Émery Ricci
curvature satisfying
Ricm,n(L)−(n − 1)K
for some constant K  0. Assume that f be a positive function deﬁned on the geodesic ball B p(2R) ⊂ M satisfying
L f = −λ f
for some constant λ 0. Then there exists two positive constants C8 , C9 depending on m and n such that
f (x) f (y)C8 · exp(C9R
√
K + λ ) (3.1)
for all x, y ∈ Bp(R).
Proof. Let γ be a shortest curve in Bp(R) joining y to x. Clearly, the length of γ is at most 2R . Integrating the quantity
|log f | along γ yields
log f (x) − log f (y)
∫
γ
|log f |. (3.2)
On the other hand, applying the gradient estimate of Theorem 2.1, we obtain∫
γ
|log f |
∫
γ
{ [2(m − 1)(n − 1) + ]K
2−  + C
[(
1+ −1)R−2 + λ]}1/2

∫
γ
(
C˜9
√
K + λ + C˜8R−1
)
 2C˜9
√
K + λR + 2C˜8. (3.3)
Substituting (3.3) into (3.2), the corollary follows. 
In the following, we introduce a concept of L-harmonic function. Then we give some propositions about L-harmonic
functions.
Deﬁnition 3.2. A function f deﬁned on a Riemannian manifold M is called L-harmonic function, if f satisﬁes L f = 0, where
L =  − ∇ϕ · ∇ with ϕ ∈ C2(M).
Corollary 3.3. Let (Mn, g) be an n-dimensional (n 2) complete Riemannian manifold with the non-negative m-dimensional Bakry–
Émery Ricci curvature. There exists a positive constant C depending on m, such that, for any L-harmonic function we have
sup
x∈Bp(R)
|∇ f |(x) C R−1 · s(2R), (3.4)
where s(R) := supx∈Bp(R) | f (x)|.
In particular, Mn does not admit any non-constant L-harmonic function satisfying the growth estimate
r−1(x)
∣∣ f (x)∣∣→ 0 (3.5)
as x → 0.
18 J.-Y. Wu / J. Math. Anal. Appl. 361 (2010) 10–18Proof. Notice that f (x)+ s(2R) is a positive L-harmonic function, which is deﬁned on Bp(2R). Applying Theorem 2.1 to this
function and setting  = 1, we have∣∣ f (x)∣∣2(x) 2C R−2[ f (x) + s(2R)]2
for all x ∈ Bp(R). Since f (x) + s(2R) 2s(2R), hence∣∣ f (x)∣∣2(x) 8C R−2s2(2R)
for all x ∈ Bp(R). This implies inequality (3.4).
The second part follows since the growth assumption implies that the right hand side tends to 0 as R → ∞ and hence
f must be constant. 
Corollary 3.4. Let (Mn, g) be an n-dimensional (n 2) complete Riemannian manifold with the non-negative m-dimensional Bakry–
Émery Ricci curvature. Then it does not admit any non-constant, positive, L-harmonic functions.
Proof. Let f be a positive L-harmonic function, which is deﬁned on (Mn, g). Applying Theorem 2.1 to this function with
K = 0 and λ = 0, we have
|∇ f (x)|2
f 2(x)
 C
(
1+ −1)R−2 (3.6)
for all x ∈ Bp(R) and for any 0 <  < 2.
Letting R → ∞, (3.6) implies that |∇ f (x)| = 0 and hence f must be a constant. 
Remark 3.5. The above three corollaries can be regarded as the generalizations for the elliptic operator. In fact, if we
choose ϕ is a constant function, these corollaries reduce to the classical results for harmonic functions (see for example
the propositions for harmonic functions of Ref. [11]). For Corollary 3.4, Q.-H. Ruan [16] has obtained this similar result.
Moreover, X.-D. Li also has proved the above similar results (see Theorem 2.2 and Corollary 2.5 in [13]). However, our proof
of these corollaries follows from a gradient estimate for a more general equation in Theorem 2.1.
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